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ABSTRACT
The existence of microgauss magnetic fields in galaxy clusters have been established through ob-
servations of synchrotron radiation and Faraday rotation. They are conjectured to be generated via
small-scale dynamo by turbulent flow motions in the intracluster medium (ICM). Some of giant radio
relics, on the other hand, show the structures of synchrotron polarization vectors, organized over the
scales of ∼ Mpc, challenging the turbulence origin of cluster magnetic fields. Unlike turbulence in the
interstellar medium, turbulence in the ICM is subsonic. And it is driven sporadically in highly stratified
backgrounds, when major mergers occur during the hierarchical formation of clusters. To investigate
quantitatively the characteristics of turbulence dynamo in such ICM environment, we performed a set
of turbulence simulations using a high-order-accurate, magnetohydrodynamic (MHD) code. We find
that turbulence dynamo could generate the cluster magnetic fields up to the observed level from the
primordial seed fields of 10−15 G or so within the age of the universe, if the MHD description of the
ICM could be extended down to ∼ kpc scales. However, highly organized structures of polarization
vectors, such as those observed in the Sausage relic, are difficult to be reproduced by the shock com-
pression of turbulence-generated magnetic fields. This implies that the modeling of giant radio relics
may require the pre-existing magnetic fields organized over ∼ Mpc scales.
Keywords: galaxies: clusters: intracluster medium – magnetic fields – methods: numerical – shock
waves – turbulence
1. INTRODUCTION
The baryonic matter in galaxy clusters resides mostly
in the intracluster medium (ICM), in the form of hot
diffuse plasma. The ICM is known to be highly dynamic
and turbulent (Brunetti & Jones 2014, and references
therein). In addition, the ICM contains the magnetic
fields of µG-level, corresponding to the energy density
of the order of ∼ 1 % of the thermal energy density,
throughout the whole volume of clusters, as revealed in
observations of diffuse synchrotron emissions from radio
halos and relics and Faraday rotation measures (e.g.,
Govoni & Feretti 2004; Feretti et al. 2012).
Magnetic fields play important roles in the ICM, par-
ticularly governing microphysical processes, such as the
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turbulent acceleration of cosmic rays (CRs) and the for-
mation of shock waves, as well as thermal conduction
and kinetic viscosity (e.g., Brunetti & Lazarian 2007;
Kunz et al. 2010; Guo et al. 2014; Roberg-Clark et al.
2016; Ha et al. 2018b). Yet, the nature and origin of
cluster magnetic fields have not yet been fully under-
stood. It was suggested that “turbulence dynamo” may
be responsible for the generation of ICM magnetic fields,
at least in the outskirts (e.g., Ryu et al. 2008; Porter
et al. 2015). Turbulence dynamo, which refers to the
amplification of weak seed magnetic fields by turbulent
flow motions, generates random fields on scales smaller
than the driving scale of turbulence, and hence is often
called small-scale dynamo (e.g., Batchelor 1950; Kazant-
sev 1968; Cho & Vishniac 2000; Schekochihin et al. 2004;
Cho et al. 2009). Typically, it goes through three stages,
the initial exponential growth when the magnetic field is
dynamically negligible on all scales, the follow-up linear
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growth when the magnetic energy becomes comparable
to the kinetic energy at the dissipation scale, and finally
the saturation stage when the magnetic energy accounts
for a substantial fraction of the turbulent energy.
Seed fields for cluster magnetic fields, however, are un-
known and varied, although many candidates, ranging
from primordial to plasma physical, and astrophysical,
have been suggested (e.g., Ryu et al. 2012; Widrow et al.
2012, for reviews). Fermi-LAT observations of blazars
set a lower bound of ∼ 10−16 − 10−15 G at the scale of
∼ 1 Mpc for void magnetic fields (e.g., Neronov & Vovk
2010; Tavecchio et al. 2010). Planck observations of cos-
mic microwave background (CMB) anisotropies put a
strong upper limit of B . 10−9 G again at the scale of
∼ 1 Mpc (comoving strength and scale) for the primor-
dial field strength (Planck Collaboration 2016). Hence,
the initial seed fields for cluster magnetic fields would
be many orders of magnitude weaker than the observed
fields of ∼ µG strength.
Turbulence, and hence ensuing dynamo, in galaxy
clusters differ significantly from those in other astro-
physical environments, such as molecular clouds and
star-forming regions. For instance, the ICM turbulence
is induced in highly stratified backgrounds, and driven
sporadically by mergers during the hierarchical forma-
tion of the large-scale structure (LSS) of the universe
(e.g., Miniati 2015; Vazza et al. 2017). In addition, while
supersonic turbulence is common in astrophysical envi-
ronments, the ICM turbulence is expected to be subsonic
with turbulence Mach number Mturb ∼ 1/2 or so (e.g.,
Ryu et al. 2008; Porter et al. 2015).
Magnetic field amplification in the ICM have been
studied by several authors, using cosmological magne-
tohydrodynamic (MHD) simulations for the LSS forma-
tion (e.g., Vazza et al. 2014; Marinacci et al. 2015; Vazza
et al. 2018). In turbulence dynamo, the initial exponen-
tial growth is rapid, so the memory of seed field proper-
ties, such as the strength and length scale, is supposed
to be lost. However, the aforementioned studies using
cosmological MHD simulations so far have shown that
the amplification of magnetic fields due to turbulence
dynamo alone (without radiative cooling and feedback
processes) is limited. Hence, in order to amplify seed
fields via turbulence dynamo to the observed strength
of ∼ µG in clusters, the void fields have to be around
nanogauss, which is stronger than that inferred from
other observations mentioned above. This indicates that
either turbulence dynamo may not be the main mech-
anism that amplifies the ICM magnetic fields, or these
cosmological simulations may not have fully reproduced
turbulence dynamo in the ICM, perhaps owing to insuf-
ficient grid resolution.
In the outskirts of galaxy clusters, the so-called radio
relics, elongated structures of diffuse synchrotron emis-
sion, have been observed (e.g., Bru¨ggen et al. 2012; Fer-
etti et al. 2012, for reviews). They are thought to be as-
sociated with ICM shocks of Mach number Ms ∼ 2− 3,
induced by mergers (e.g., van Weeren et al. 2019, for
review). The synchrotron radiation is polarized with
average polarization fraction ∼ 10 − 30%, and the po-
larization vectors are aligned with the shock normal.
A spectacular example is the Sausage relic in cluster
CIZA J2242.8+5301 (van Weeren et al. 2010). It shows
a very high polarization faction of ∼ 50 − 60% with
highly aligned polarization vectors over its length of ∼ 2
Mpc. These radio relics may indicate the presence of
the magnetic fields coherent over ∼ Mpc scales in the
cluster outskirts, possibly challenging the small-scale,
turbulence dynamo origin of cluster magnetic fields.
In this paper, we investigate whether turbulence dy-
namo could be the mechanism for the generation of ob-
served magnetic fields in galaxy clusters. We first check
whether the cluster magnetic fields of ∼ µG strength
could emerge from very weak seed fields, consistent with
the inferred lower bound of the void fields. We also ex-
amine whether the structures of synchrotron polariza-
tion vectors observed in radio relics could be explained
by the compression of turbulence-generated magnetic
fields across weak ICM shocks.
Toward that end, instead of cosmological structure-
formation simulations, we employ turbulence simula-
tions in a controlled periodic volume. To model the
realistic cluster environment, the background medium is
stratified radially in hydrostatic equilibrium with an ex-
ternal gravity, and the turbulence is driven sporadically
mimicking major mergers as described above. Some as-
pects of turbulence and dynamo in the stratified back-
ground were previous investigated. For instance, Shi et
al. (2018) discussed the behavior of the hydrodynamic
turbulence influenced by the buoyancy of the strati-
fied ICM, using cosmological structure-formation sim-
ulations. Jabbari et al. (2014) examined the magnetic
field evolution in the mean-field dynamo of stellar con-
vection. However, the effects of the background stratifi-
cation on small-scale dynamo by turbulent flow motions
have not yet been fully explored and quantified.
We here employ an MHD simulation code with high-
order accuracy, which performs better for the amplifi-
cation of magnetic field. Our simulation results can be
directly compared to previous turbulence simulations, in
which the background medium is uniform and the tur-
bulence forcing is continuous in time. And we will test
numerically-converged results with sufficient grid reso-
lutions. The paper is organized as follows. Numerical
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Figure 1. Magnetic field amplification in turbulence dynamo. (a) The evolution of the magnetic energy, Emag = (1/2)B
2,
with different seed fields of B0 = 10
−9 to 10−4 in simulations using 5123 grid zones. The evolution of the rms flow velocity,
vrms ≡
〈
v2
〉1/2
, is shown in the inserted box; the lines of different colors almost overlap. (b) The evolution of Emag with
B0 = 10
−8 in simulations using different numbers of grid zones. Dashed lines shows the fittings of the late exponential growth
(see the text). Here, B = 1 is equivalent to ∼ 5 × 10−5 G and tend = 5 to 13 Gyrs, if the model parameters are scaled to the
physical parameters relevant for the Coma cluster.
setups and simulations are outlined in Section 2. Results
are described in Section 3. A brief summary follows in
Section 4.
2. SIMULATIONS
We carried out simulations by solving equations for
isothermal, compressible MHD flows, where the gas
pressure is modeled as Pg ≡ ρc2s with a constant sound
speed cs. A three-dimensional (3D) code based on the
MHD version (Jiang & Wu 1999) of a weighted essen-
tially non-oscillatory (WENO) scheme (Jiang & Shu
1996) was employed. The eigenvalues and eigenvectors
of isothermal MHD flows in Kim et al. (1999) were im-
plemented. With a 4th-order RungeKutta (RK) scheme
for the time evolution, the code has a 5th-order spa-
tial accuracy and a 4th-order temporal accuracy. The
∇ ·B = 0 constraint was enforced using a constrained
transport (CT) scheme (Ryu et al. 1998). Viscous and
resistive dissipations are not explicitly modeled.
Conventional MHD turbulence simulations adopt a
periodic volume in an initially uniform background.
Here, we consider a periodic simulation box that con-
tains a spherically symmetric halo with the stratified
gas distribution. To emulate the ICM distribution of
galaxy clusters, the background medium is modeled by
an isothermal β distribution (e.g., Cavaliere & Fusco-
Femiano 1976) as follows:
ρ(r) = ρ0
[
1 +
(
r
rc
)2]−3β/2
, (1)
where the center of the simulation box is located at
r = 0. The dimensionless gas density and pressure are
initialized with ρ0 = 1 and Pg,0 = 1 (so cs = 1) in simu-
lation units, respectively. We set β = 1 and rc = 0.075.
Simulations were performed in a cubic box of dimen-
sionless size L0 = 1, using N
3
g = 128
3 to 10243 grid
zones.
An external gravity balancing the pressure gradient
due to the stratification, g = c2sd ln ρ/dr, is added to the
momentum equation. Initially, the medium is at rest
with v = 0, and the computational volume is perme-
ated with a uniform magnetic field of B0 = (B0, 0, 0)
parallel to the xˆ− axis; a range of B0 = 10−9 − 10−4 is
considered.1
Turbulence is driven with “solenoidal” forcing, i.e.,
∇ · δv = 0. The velocity perturbations, δv, are
drawn from a Gaussian random field of power spectrum,
|δvk|2 ∝ k6 exp(−8k/kinj) with kinj = 8k0 (k0 = 2pi/L0),
1 The unit of B is chosen so that the magnetic energy is given
as Emag = (1/2)B2.
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Figure 2. Correlation between the gas density and the
magnetic field strength at t = 4.6 in the high-resolution sim-
ulation of 10243 grid zones with the initial background mag-
netic field strength of B0 = 10
−8. The black solid line shows
the average magnetic field strength, and the yellow dashed
line draws the B ∝ ρ1/3 scaling relation.
and added to v (e.g., Stone et al. 1998; Mac Low 1999).
They have random phases, so the driving is temporally
uncorrelated. Unlike other conventional turbulence sim-
ulations where the forcing is applied continuously in
time, the velocity perturbations are enforced “sporad-
ically”, mimicking major merger events in galaxy clus-
ters. Considering each cluster suffers a few to several
major mergers (e.g., Miniati 2015; Vazza et al. 2017),
the forcing is turned on for the duration of ∆ton = 0.5
and off for ∆toff = 0.75, 4 times until the end of simu-
lations at tend = 5.
The amplitude of the forcing is tuned, so that vrms ≡〈
v2
〉1/2
is in the range of ∼ 0.3 − 0.7 with a mean of
∼ 1/2. With cs = 1, the mean turbulence Mach number
is Mturb ≡ vrms/cs ∼ 1/2, which is close to the values
expected for the subsonic turbulence in the ICM (e.g.,
Ryu et al. 2008; Porter et al. 2015).
The inserted box in Figure 1(a) shows the develop-
ment and variation of vrms with our sporadic forcing.
Colored and white parts mark the periods during which
the forcing is turned on and off, respectively. As shown
with different colored lines, the evolution of vrms is insen-
sitive to the strength of the initial background magnetic
field, B0, as well as to numerical resolution (not shown).
In the discussion of results below, we consider the
Coma cluster as the representative cluster. Consider-
ing the core radius of the Coma cluster is rc ' 300
kpc (e.g., Briel et al. 1992; Ogrean & Bru¨ggen 2013),
the simulation box size is regarded to be L0 = 4 Mpc;
then, the grid resolution is ∆x ≡ L0/Ng = 3.9 − 31.25
kpc. The peak scale of the velocity forcing is close to
∼ L0/8 = 500 kpc, typical size of subclumps in ma-
jor mergers (e.g., Ha et al. 2018a). We assign cs =
1.5× 103 kms−1, appropriate for the Coma’s ICM tem-
perature of kT = 8− 9 keV (e.g., Sato et al. 2011); then
the unit time corresponds to t0 = L0/cs = 2.6 Gyrs, and
hence our simulations ran up to tend = 13 Gyrs, close
to the age of the universe. Finally, assuming that ρ0
represents the ion number density of 3.5 × 10−3 cm−3
at the Coma cluster center (e.g., Briel et al. 1992), the
magnetic field unit corresponds to ∼ 5 × 10−5 G, and
hence B0 is equivalent to ∼ 5× 10−14 − 5× 10−9 G.
3. RESULTS
3.1. Amplification of Seed Magnetic Fields
Figure 1 illustrates turbulence dynamo in simulations
with different initial B0 and different numerical resolu-
tions. The left panel shows that the saturation level of
the magnetic energy, Emag, at tend depends on B0. The
right panel demonstrates that the growth of Emag de-
pends rather strongly on numerical resolution. The evo-
lution of Emag looks different from that in simulations
for turbulence dynamo in uniform media with continu-
ous driving of turbulence. (see, e.g., Figure 1 of Porter
et al. 2015), owing partly to the sporadic nature of the
forcing and partly to the stratification of the background
medium. After the quick initial exponential growth dur-
ing t . 0.5, the follow-up growth is also approximated
to be exponential rather than linear. This second ex-
ponential growth is slower than the initial growth, and
hence the final Emag depends on the initial B0 in simu-
lations of 5123 grid zones as shown in Figure 1(a), and
also on the grid resolution as shown in Figure 1(b).
If the amplification of magnetic field, B, during the
second exponential growth stage is modeled as 〈B〉 ∝
exp(t/τgrowth) [dashed lines in Figure 1 (b)], then the
growth time scale can be fitted to τgrowth ≈ 102∆x +
0.13 in the computational units. In the physical units
appropriate for the Coma cluster, this corresponds to
τgrowth ≈ 0.066
(
∆x
kpc
)
+ 0.34 Gyrs. (2)
In the highest resolution simulation with ∆x = 3.9 kpc
(10243 grid zones), τgrowth ≈ 0.6 Gyrs; hence, 〈B〉 can
grow by a factor of 107 during ∼ 10 Gyrs. With the
initial seed fields of B0 ≈ 10−15 G, which is close to the
lower bound of the void magnetic field (see the Intro-
duction), the mean magnetic field of 〈B〉 ∼ µG would
develop within ∼ 10 Gyrs, only if the grid size is suffi-
ciently small, such as ∆x . 2 kpc.
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Figure 3. Radial profiles of ρ, vrms, Ekin and Emag, and
(ρc2s)/Emag at t = 4.6 in the high-resolution simulation of
10243 grid zones with the initial background magnetic field
strength of B0 = 10
−8. While the quantities are plotted in
the simulation units, the radius from the center is given in
units of Mpc, adopting L0 = 4 Mpc.
The Coulomb mean-free path between collisions is
given as λCoul ∼ 0.3 T 2keV/n−3 kpc, where TkeV is the
ICM temperature in keV and n−3 is the particle num-
ber density in units of 10−3 cm−3 (see, e.g., Narayan
& Medvedev 2001). It is of order of kpc in the cluster
core, while it is as large as tens of kpc in the outskirt.
However, it is likely that the effective mean-free path is
reduced by plasma instabilities (e.g., Brunetti & Jones
2014). In fact, analyzing the fluctuations in the Chandra
data of the Coma cluster, Zhuravleva et al. (2019) re-
cently argued that the effective mean-free path would be
smaller by two orders of magnitude than the Coulomb
value. Our results indicate that if the fluid description
of the ICM is valid down to the scale of the order of
kpc, turbulence dynamo should be able to amplify the
primordial magnetic field of as weak as ∼ 10−15 G to
the cluster magnetic field of ∼ µG within the age of the
universe.
As described in the Introduction, there have been cos-
mological simulation studies in which the amplification
of magnetic fields via turbulence dynamo was examined
in the context of the LSS formation (e.g., Vazza et al.
2014; Marinacci et al. 2015; Vazza et al. 2018). So far
those simulations failed to reproduce a sufficient ampli-
fication of B on cluster scales. This should be partly
because their spatial resolution of several kpc is not fine
enough, and partly because their numerical codes are
only second-order accurate. Moreover, those simula-
tions employed either AMR (adaptive mesh refinement)
or moving mesh techniques in order to achieve high reso-
lutions inside clusters. We expect that numerical details,
such as the code accuracy and the grid structure, would
affect the amplification of B. In particular, although not
shown here, we found that the high-order WENO code
effectively has the resolution enhancement of a factor of
two, compared to second-order accurate codes such as
the TVD code (Ryu & Jones 1995; Kim et al. 1999),
when the same number of grid zones is used.
However, we should note that the current simulations,
which were performed in an idealized setup with one
model cluster in a periodic box, does not include effects
involved in full cosmological simulations, such as the
expansion of the universe and realistic mergers during
the hierarchical formation of the LSS of the universe.
Hence, our conclusion on the capability of turbulence
dynamo for the amplification of B in galaxy clusters
should be verified in the future with full cosmological
simulations of resolution ∆x ∼ 1 kpc or so, possibly
in a (non-AMR) uniform grid structure, using codes of
high accuracy.
Figure 2 shows the B − ρ relation in the 10243 simu-
lation at t = 4.6, the epoch when Mturb is close to 1/2
[Figure 1(b)]. In previous simulations in uniform media
with continuous driving, supersonic turbulence, which is
relevant for the environment of molecular clouds, gives
the scaling relation of B ∝ ρκ with κ = 0.3 ∼ 0.5 (e.g.,
Padoan & Nordlund 1999; Ostriker et al. 2001). For sub-
sonic turbulence of Mturb . 1 with weak seed fields, the
correlation between B and ρ is rather weak with small
correlation coefficient, although the coefficient value de-
pends on Mturb and B0, as well as the details of forcing
(e.g., Wu et al. 2009; Yoon et al. 2016). Cosmologi-
cal structure-formation simulations, in particular, those
without radiative cooling and feedback processes, on the
other hand, produced the relation close to B ∝ ρ2/3 for
galaxy clusters (e.g., Vazza et al. 2014; Marinacci et al.
2015), implying that possibly compression would have
played a significant role on the amplification of B. Our
simulations give a relation close to B ∝ ρ1/3. We in-
terpret that the B ∝ ρ1/3 scaling is a consequence of
turbulence dynamo, but also affected by the stratifica-
tion of the background medium.
Figure 3 shows the radial profiles of 〈ρ〉, 〈v2〉1/2,〈
(1/2)ρv2
〉
and
〈
(1/2)B2
〉
, and
〈
ρc2s
〉
/
〈
(1/2)B2
〉
, again
in the 10243 simulation at t = 4.6. The average was cal-
culated over a thin shell at the given radius. Although
the rms flow velocity increases from the core to the out-
skirt, the kinetic and magnetic energies decrease due to
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Figure 4. Comparison of the energy power spectra in turbulence simulations with different setups: (a) in a radially stratified
medium with a sporadic forcing, (b) in a radially stratified medium with a continuous forcing, (c) in a uniform medium of
initially ρ = 1 with a sporadic forcing, and (d) in a uniform medium with a continuous forcing. The red and blue lines show the
kinetic energy spectrum, EK(k), and the magnetic energy spectrum, EB(k), respectively. The black lines draw the Kolmogorov
slope. Here, k0 = 2pi/L0. In all the cases, results from the simulations of 512
3 grid zones with B0 = 10
−6 at t = 4.6 are
presented; kinj = 8k0 and vrms of each model are identical.
the density stratification, as also shown in cosmological
structure-formation simulations (e.g., Vazza et al. 2017;
Dom´nguez-Ferna´ndez et al. 2019). The decrease of vrms
at large radii (r > 1.3 Mpc) should be the consequence
of the periodic boundary adopted in the simulation. In
the simulation shown here, the magnetic field has am-
plified to the level of Emag ∼ (1/10)Ekin throughout the
cluster. In the outskirt, the ratio of the effective ther-
mal energy, Eth = ρc
2
s, and the magnetic energy (i.e.,
the plasma beta) approaches ∼ 100 , close to the value
expected in the ICM (e.g., Ryu et al. 2008; Brunetti &
Jones 2014).
3.2. Scale of Magnetic Fields
The amplification of the strength of B is one aspect of
turbulence dynamo, while the growth of the coherence
scale of B is another aspect (e.g., Cho & Ryu 2009).
To examine the scale issue, the kinetic and magnetic
energy power spectra from a simulation with 5123 grid
zones are shown in Figure 4(a). They are compared with
those for turbulences differently generated: (b) a radi-
ally stratified medium with a continuous forcing, (c) a
uniform medium with a sporadic forcing, and (d) a uni-
form medium with a continuous forcing. The injection
scale of the forcing, kinj, is the same and vrms is tuned to
be similar at the time shown, t = 4.6, in all four models.
In the case of a uniform background with a continuous
forcing [Figure 4(d)], turbulence exhibits the expected
behaviors; that is, while the kinetic energy power spec-
trum, EK(k), has the peak around kinj, the magnetic
energy power spectrum, EB(k), has the peak at a scale
a few times smaller than the injection scale (e.g., Cho
et al. 2009; Porter et al. 2015). With our model for
the sporadic forcing, t = 4.6 corresponds to an epoch
of decaying turbulence, and hence the peak of EB(k) is
expected to migrate to a larger scale (e.g., Campanelli
2007). In addition, the stratification of the background
medium induces powers in EK(k) on the cluster scale
(e.g., Vazza et al. 2014), and hence the peak of EB(k)
shifts to larger scales, compared to the case with the uni-
form background. Combining the two effects, the peak
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Figure 5. Wavelet power spectra of the flow velocity (a) and the magnetic field (b) as a function of the effective wavenumber
of the filtering scale, L0/l, at four different radii (ri = 0.2, 0.5, 1.0, and 1.5 Mpc, shown with different colors) from the center,
for the simulation same as in Figure 4(a). L0 = 4 Mpc is adopted. The vertical scales of the plots are arbitrary.
of EB(k) in panel (a) indeed locates at a scale larger
than that in panel (d). However, we find that the shift
is not dramatic, just a factor of two or so; the peak scale
of EB(k) is at k/k0 ' 20 in panel (a), while at k/k0 ' 40
in panel (d).
Figure 4(a) shows that EK(k) and EB(k) cross at the
scale of k/k0 ≈ 70 (60 kpc for L0 = 4 Mpc). This cross-
ing has been also seen in some of high-resolution cos-
mological simulations (e.g., Dom´nguez-Ferna´ndez et al.
2019). On this scale, the turbulence eddy speed roughly
equals the Alfve´n speed, and hence it is often called the
Alfve´n scale, lA. Below this scale, the Maxwell stress
is larger than the Reynolds stress and the flow becomes
MHD. The Alfve´n scale increases slightly with time in
our simulations; that is, lA becomes somewhat larger in
later stage. In our model cluster, lA is larger by an order
to magnitude or more than the Coulomb collision scale,
λCoul, while previously lA . λCoul was often expected
(e.g., Brunetti & Jones 2014).
While the power spectrum in Figure 4 tells us the
scale of B throughout the whole computational domain,
the scale in clusters should differ at different radii from
the center due to the density stratification. One way
to examine the position-dependence of the scale of tur-
bulence is through the so-called wavelet analysis (e.g.,
Farge 1992; Shi et al. 2018). We calculated a wavelet
power spectrum with the Mexican-hat wavelet. Then,
the wavelet function is expressed as
ψl,x′(x) ∝ l− 32
(
3− |x− x
′|2
l2
)
exp
(
−|x− x
′|2
2l2
)
,
(3)
where l is the filtering scale. The wavelet coefficient of
a fluid quantity, f(x), is computed as
Fˆl(x) =
∫
f(x′)ψl,x′(x)d3x′, (4)
and the wavelet power spectrum is given as Ewavelet(x)
∝ l−2|Fˆl(x)|2. Figure 5 shows (a) the wavelet power
spectrum, calculated as l−2(|Vˆxl(x)|2 + |Vˆyl(x)|2 +
|Vˆzl(x)|2), for v and (b) the wavelet power spectrum
calculated similarly for B, as a function of L0/l, at four
different radii (ri = 0.2, 0.5, 1.0, and 1.5 Mpc), for the
simulation same as in Figure 4(a). The power spectra
averaged over a thin shell at the given radius are shown.
The wavelet power spectrum for v demonstrates that
as we move from the core (red line) to the outskirt (yel-
low line), the relative fraction of the power of turbulent
flow motions at large l, specifically, at l & L0/10, in-
creases. The same trend was previously seen in cosmo-
logical structure-formation simulations (e.g., Shi et al.
2018). Accordingly, the peak scale in the wavelet power
spectrum for B also increases with the radius. While
the peak is around L0/l ≈ 150 at the core of r = 0.2
Mpc, it is found around L0/l ≈ 100 at the outskirt of
r = 1 − 1.5 Mpc. This indicates that the coherence
length of B increases from the core to the outskirt, but
8 Roh et al.
Figure 6. Maps projected along the line of sight (z-direction): (a) the shock Mach number weighted by synchrotron emissivity
at 4.9 GHz, 〈Ms〉, and (b) the synchrotron surface brightness at 4.9 GHz, S4.9, in the high-resolution simulation of 10243 grid
zones at t = 4.6. The synchrotron emission was computed only at shock zones. See the text for the details of the calculations
of 〈Ms〉 and S4.9.
the increment is expected to be less than a factor of two
in our simulations.
3.3. Turbulent Magnetic Fields in Radio Relics
We point that the peak scale of EB(k) is ∼ 200 kpc
and the most energy containing scale, that is, the peak
scale of kEB(k), is ∼ 65 kpc in Figure 4(a). The peak
of the wavelet power spectrum for B is at l ≈ 40 kpc in
the cluster outskirt, as shown in Figure 5(b). All these
are smaller than the size of giant radio relics by an order
of magnitude or more (see the Introduction). It is not
clear, however, how statistical quantities, like these peak
scales, would be manifested in real observations. Hence,
we here examine the structures of synchrotron polariza-
tion vectors in simulated radio relics, due to turbulence-
generated magnetic fields, specifically including the ef-
fects of the shock compression of the magnetic fields.
To that end, we first identified shock zones (actually
grid zones that are parts of shock surfaces) in the simu-
lated cluster with the algorithm described in Ryu et al.
(2003) and Park & Ryu (2019). The shock Mach num-
ber, Ms, was calculated using a formula from the jump
condition for isothermal flows in Equation (9) of Park
& Ryu (2019). In fact, it is almost identical to that of
hydrodynamic flows, Ms ≡ √χ (where χ is the density
compression ratio across the shock), since the magnetic
energy is substantially smaller than the kinetic energy
in ICM shocks.2
2 Most of identified shocks are fast shocks by the same reason.
We estimated the population of synchrotron-emitting
cosmic-ray (CR) electrons as follow. CR electrons are
assumed to be produced via diffusive shock acceleration
(DSA) at “quasi-perpendicular” shocks with θBn & 45◦,
the obliquity angle between the upstream background
magnetic field direction and the shock normal (e.g.,
Guo et al. 2014; Kang et al. 2019). The fraction of
quasi-perpendicular shocks is ∼ 70% in our simulations,
which is naturally expected with turbulence-generated
ICM magnetic fields. The test-particle DSA model is
assumed, because most of ICM shocks are weak with
Ms . 3−4 (e.g., Ryu et al. 2003; Ha et al. 2018b); then,
the energy distribution of CR electrons can be modeled
with a power-law form, nCR = n0γ
−p for γ > γmin,
where γ is the Lorentz factor and the DSA slope is
p = (2M2s + 2)/(M
2
s − 1) (e.g., Drury 1983).
Although the detailed processes of CR electron accel-
eration at ICM shocks are yet to be understood (e.g.,
Guo et al. 2014; Kang et al. 2019), the acceleration ef-
ficiency ηe, the fraction of the shock energy transferred
to CR electrons, is expected to increase with the shock
Mach number. We adopted a rather simple scaling rela-
tion, ηe ∝ Ms, for weak ICM shocks with Ms . 4. We
also assumed that the electron acceleration is effective
only in quasi-perpendicular shocks with Ms ≥ 1.2, and
we choose γmin = 300. The quantitative estimates of
synchrotron emission by shock-accelerated CR electrons
should depend on the details of the adopted model pa-
rameters. However, the main conclusion we will draw
below should not be very sensitive to them, because we
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Figure 7. Zoom-in image of an upper-right part of Figure 6(b) for the synchrotron surface brightness, S4.9, which mimics an
observed giant radio relic. To match the resolution of radio observations, S4.9 was smoothed over ∼ 20 × 20 kpc2. The black
lines denote the polarization electric vectors, and their length scales with the polarization fraction.
focus on the structures of polarization vectors of syn-
chrotron emission, instead of the flux level.
We then calculated the synchrotron surface bright-
ness. The synchrotron volume emissivity at frequency ν
is given as jν ∝ n0B(p+1)/2⊥ ν−(p−1)/2, where B⊥ is the
strength of the magnetic field component perpendicular
to the line of sight (LoS). The Stokes parameters of the
volume emissivity were calculated, using, for instance,
JF (p) and JG(p) in Chapter 19 of Shu (1992), in each
shock zone with B in the zone. The Stokes parame-
ters of synchrotron surface brightness, Iν , Qν , and Uν ,
were calculated by integrating the emissivity along LoSs,
assuming that the diffuse ICM is optically thin to the
synchrotron radiation.
Figure 6 shows (a) the projected shock Mach num-
ber, 〈Ms〉, weighted with the synchrotron emissivity at
4.9 GHz, along LOSs and (b) the synchrotron surface
brightness at 4.9 GHz, S4.9, in the 1024
3 simulation at
t = 4.6. We note that the maps are produced with
synchrotron emission only from shock zones; that is,
the synchrotron radiation from the postshock zones be-
hind the shock surface is not included. The grid size of
this simulation is ∆x = 3.9 kpc, while the width of the
synchrotron-emitting region behind the shock at ν = 4.9
GHz is ∆l4.9 ∼ 10 kpc, if the postshock magnetic field
strength is ∼ 1 µ G and the postshock flow speed is
∼ 500 km s−1 (e.g., Kang & Ryu 2015). Hence, the
map of the surface brightness may not be the exact re-
production of observed radio relics. Yet, the figure shows
that shocks formed in our simulations are weak with the
projected Mach number of 〈Ms〉 . 3. The synchrotron
surface brightness reveals shell-like structures, as previ-
ously shown in full cosmological simulations (e.g., Skill-
man et al. 2013; Wittor et al. 2017).
The thin elongated part in the upper-right region of
the shell-like structures in Figure 6 looks similar to ob-
served giant radio relics. It is zoomed in and shown
in Figure 7; the surface brightness profile shown was
smoothed over 4 × 4 grid zones, or ∼ 20 × 20 kpc2,
to match the resolution of radio observations (e.g., van
Weeren et al. 2010, 2016). The black lines represent the
electric field vectors of polarized radiation; the fraction
of linear polarization was calculated with
√
Q2ν + U
2
ν /Iν ,
and the angle χ was calculated with tan 2χ = Uν/Qν .
The average Mach number of the mock radio relic in
Figure 7 is ∼ 2.3, which is a bit smaller than, but close
to, for instance, those inferred from the observed ra-
dio spectral index of the Sausage and Toothbrush relics
(e.g., van Weeren et al. 2016; Hoang et al. 2017). The
projected Mach number, however, is not uniform over
the whole structure, as can be seen in Figure 6(a).
Rather it has a range of 〈Ms〉 ∼ 1.6 − 2.5. This is
because the shock surfaces are not smooth, but com-
posed of parts with different Mach numbers. This is in
good agreement with the characteristics of ICM shocks
formed in full cosmological structure-formation simula-
tions (e.g., Hong et al. 2015; Ha et al. 2018a).
The polarization vectors of the mock radio relic look
fairly organized, but not as well as those, for instance, in
the Sausage and Toothbrush relics (e.g., van Weeren et
10 Roh et al.
al. 2010, 2012). The polarization fraction along the relic
front is on average ∼ 45%, which is smaller than that
of the Sausage relic (∼ 50− 60%) but a bit larger than
that of Toothbrush (∼ 40%). However, the polarization
angle between the polarization electric vectors and the
shock normal is on average 〈ϑEn〉 ∼ 16◦, about twice
larger than that of the Sausage relic.3 Although not
shown here, we examined a number of mock radio relics
from our simulations; the average polarization fraction
is typically . 40%, and the average polarization an-
gle is 〈ϑEn〉 & 20◦. That is, our results indicate that
with turbulence-generated magnetic fields in clusters,
the highly organized structures of polarization vectors,
such as those in the Sausage relic, would be difficult to
be explained; the compression of the transverse compo-
nents of turbulence-generated magnetic fields by weak
ICM shocks may not be large enough to reproduce the
observed levels of quasi-perpendicular obliquity angles of
giant radio relics. This implies that for some observed
radio relics, there may have been the pre-existing struc-
tures of magnetic fields, organized over the whole length
scale of the radio relics.
We note that in the so-called reacceleration model
for giant radio relics, ICM shocks are conjectured to
sweep through the remnant bubbles of dead radio jets
that contain fossil relativistic electrons with γ . 300
(e.g., Kang et al. 2012, 2017). This model was pro-
posed mainly to explain the discrepancy between two
kinds of shock Mach numbers inferred from radio and
X-ray observations, and also to alleviate the problem of
low acceleration efficiency in weak shocks and the low
frequency of merging clusters with detected radio relics
(Kang 2016). However, if pre-existing magnetic fields
are also required, their origin should be further investi-
gated, but that is beyond the scope of this paper.
4. SUMMARY
Magnetic fields in galaxy clusters, at least in the out-
skirts, are conjectured to be originated by small-scale
dynamo due to the turbulence induced during the hi-
erarchical formation of the LSS of the universe. Yet,
the characteristics of the dynamo has not been fully
understood, because the turbulence in the ICM differs
in some aspects from those in other astrophysical en-
vironments such as molecular clouds and star-forming
regions. For instance, the turbulence is induced in the
highly stratified ICM due to the gravity; also it is driven
sporadically by mergers of sub-clusters. And most of all,
the turbulence is subsonic with turbulence Mach num-
ber Mturb < 1.
To estimate quantitative measures for turbulence and
magnetic field amplification in the ICM, we performed
a set of MHD simulations. Instead of running cosmolog-
ical structure-formation simulations, we set up a model
cluster with a radially stratified profile in a controlled
periodic volume, and induced turbulence mimicking a
series of sporadic merger events. A newly developed,
high-order-accurate MHD code was employed. We then
analyzed the characteristics of turbulence dynamo and
the properties of resulting magnetic fields.
Our main findings can be recapitulated as follows.
1. Turbulence dynamo should be able to generate the
cluster magnetic fields of ∼ µG from the primordial seed
fields of ∼ 10−15 G or so within the age of the universe, if
the MHD description of the ICM can be extended down
to the scale of ∼ kpc or so.
2. With the compression of the transverse components
of turbulence-generated magnetic fields by weak ICM
shocks, some of the observed properties of synchrotron
polarization in radio relics may be explained, but the
highly organized structures of polarization vectors like
those observed in the Sausage relic are difficult to be
reproduced.
Finally, we note that the simulations described in this
paper adopted an idealized setup with one model cluster
in a periodic box, and hence did not include cosmological
effects, such as the expansion of the universe and realis-
tic mergers during the hierarchical formation of galaxy
clusters. Hence, our findings should be eventually ver-
ified through full cosmological MHD simulations with
high-resolutions of ∆x ∼ 1 kpc or so. Although such
simulations are beyond the capacity of current super-
computing resources, they should be realizable in a near
future.
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